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Abstract 

We consider the tunneling processes induced by two-particle collisions. The 
result derived by the termal bath approach is reproduced by the classical 
configurations. The Coulomb and Yukawa corrections for the rate of the 
process are computed. 



1 Introduction 

The problem of creation electron-positron pairs has been investigated since historical 
works of Schwinger and Euler-Heisenberg [I], [2J. However, this process hasn't been 
observed experimentally due to huge strengths of fields needed. The pair production 
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rate is exponentially suppressed when the strength of E is lower than — , which is much 
larger than any available one. One can hope to obtain experimental evidence of the 
process by investigating energetic photons interacting with strong and low-frequency 
electrical field created by lasers |3j, [I]. High-energy photons considerably enhance the 
rate of pair production. This phenomenon is called induced Schwinger process. 

There are various types of Schwinger-like processes. They all are closely related to 
the tunnelling decay of false vacuum. We can investigate scalar field to obtain main 
phenomena arising in the problem [5], [7j, [8], [10], [11]. These results can be generalized 
to the case of electron-positron pair creation [19]. Monopole decay in constant electri- 
cal field appears to be quite similar to induced Schwinger process [T2], [15], [17], [TS] . 
Schwinger type processes also can be investigated using the brane language [12] . [13] . 

One of the natural generalizations of these processes is pair creation induced by two 
photons. This problem was investigated in different frameworks too [11], [20J. One of the 
most used technique to derive amplitudes of the process is introducing finite temperature 



In this paper the many-photon Schwinger process is investigated. The first subsection 
contains a direct calculation of the cross-section for two scalar particles interacting at the 
background of the bounce. This value was obtained in [20] , and our technique is a cross- 
check of thermal bath approach. Also in this section the imaginary part of the correlator 
of arbitrarily many scalar fields at the background of the bounce is obtained. In the 
next section the polarization operator for two photons interacting at the background of 
the bounce is computed and the way of computing the polarization operator for many- 
photon case is shown. Finally, in the third subsection the results of the previous two 
subsections are used to find the Coulomb and Yukawa corrections to the width of the 
process. The Coulomb correction coincides with that calculated in [9J. 

2 Two-particle cross-sections 

2.1 Scalar particle 

To understand the structure of the cross-section, we consider the case of scalar field in 
two Euclidean dimensions and cross-check the result of [20]. Let's introduce two scalar 
fields and x- 

L = \ {d^f + \ (d, X ? - \m\ 2 - V(<f>) - Vtottf, X), (1) 



The potential V{4>) is quartic with "false" and "true" vacua: 

V{<P) = \\{<f-v 2 f-^{<P + v). (2) 

We use the limit when the mass of field \ is much smaller than the mass of <fi. 

m<^ M = uy/X, (3) 

We also need the condition of thin-wall approximation 

R > 1/M, (4) 

where R is the radius of the bounce. This condition implies that the configuration being 
discussed is in quasi-classical regime, and quantum effects can be neglected. In this 
approximation the action can be divided to an internal part and a wall part. Minimizing 
the action, one can obtain the radius R. 

S = S wa u + S int = pL-eA = 2npR - ireR 2 , (5) 



Here L is the perimeter and A is the area of the bubble. In the thin- wall limit p = z/ 3 ^^. 
Then the radius of the bubble becomes R = j. The condition Ml) becomes e <^C Az/ 4 . 
The action then is 

S=Vf. (6) 

Interaction between the fields is given by 

Vim = gp((f>)x, (7) 

The exact form of interaction term is not very important, it must just be significantly 
different from zero when is far from vacuum. In the discussed approximation the 
support of p is very thin and coincides with the boundary of the circle and can be 
considered as ^-function. 



pB(x ' t) = 27i? (5 ( v/ ^ T ^" jR ) 



2nR 

To compute the cross-section for process like <fi + <f 2 - > <?3 + 94, one needs to follow 
[TT] and calculate the imaginary part of the four-fold density correlator: 

U ( - A \x 1 ,t 1 ,x 2 ,t 2 ,x 3 ,t 3 ) = (p(t 1 ,x 1 )p(t 2 ,x 2 )p(t 3 ,x 3 )p(0,Q)) , 




Figure 1: The bounce with four areas where the density of <fi is concentrated. The centers 
of outside circles belong to board of the bold circle which refers to bounce. 
That implies that all the four outside circles intersect in a single point. 
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p (xi—x,ti—t)p (x2 — x,t2 — t)p (x 3 — x,t 3 — t)p (x,t)dxdt. (9) 



Here ~ is the rate of spontaneous vacuum decay. It was calculated in [B] and has the 
following form: 
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(10) 



Geometrically, every p B is a circle, and all four this circles need to lay on the board 
of initial bounce. This gives us additional condition on an relative location of (xj,tj); 
however, we shall see that this condition is implied automatically. Due to the congruence 
of radii of this circles with the radius of the initial bounce, this condition is equivalent 
to that of intersection of the four circles in one point, and this condition is provided by 
^-functions (see fig. [l|. Substituting ^ into (J9|, we obtain 
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To switch to the momentum representation instead of the coordinate one, we perform 



Fourier transformation. 
AR 2 



^ , , p2 , J [x/4 + tl-R)S[ x /xl + tl-R 



x 2 + t 2 ^AR 2 -x 2 -t 2 
exp{i(gi,ri) + i(q 2 ,r 2 ) + i(q 3 ,r 3 )} d 2 r 1 d 2 r 2 d 2 r 3 = 

-A7r 2 R 2 I 2 (mR) f S(r 2 -R)S (r 3 - R) e i{ - q2 > r2)+i{ - q3 > rz) d 2 r 2 d 2 r 3 = -167T 4 R A I*{mR), 

(12) 

Here we use the fact that external momentum satisfies |g$| = m. During this calculation 
the integral definitions of Bessel functions were used: 

c i(q,r) r AqrcosO r c2 iqR cos <j> cos 9 



dV = / rfrrffl = - / — 2iMn 



V4.R 2 - r 2 J ^AR 2 - r 2 J 2Rsin 

elq R(cos^-e)+cos^+e)) d( p de = _1 [ e iqR{ C OB*+ COB p) dad p = ^I^mR), 

(13) 

The factor of | arises due to the Jacobian of the transformation and disappears because 
of shift of the integration limits. 



J 8{r-R) e iM d 2 r = f e iqRcose Rd9 = 27rRJ (qR) = 2nRI (mR), 
Thus we come to exact expression for the cross-section: 



(14) 



Imll el, . ,.„ f 7tu 2 1 . , 

ff = -^r = S27 (9/ » (mfl))exp {-^}- (15) 

where / = \/(qiq 2 ) 2 — rn 4 is a kinematical invariant. One can make sure that this 
coincides with result (32) in [20] derived with thermal bath approach. 

This result can be obtained by a quite simpler technique. As we have understood 
that geometric properties do not affect the answer, we can pass to the momentum 



representation and actually permute the order of integration in (11), (12). The density 
can be written in the momentum representation. 



p B (x 1 -x,t 1 -t)e i{qi ' ri) d 2 r= / p B (x 1 ,t 1 )e i( - qi ' n) e i ^' r) d 2 r = I (mR)e i( - qi ' r \ (16) 
Then the calculation transforms to computing four integrals of the same type: 

p B (x± — x, ti — t)p B (x 2 — x, t 2 — t)p B (x 3 — x, t 3 — t)p B (x, t) 
exp{i(gi,ri) +i(q 2 ,r 2 ) + i(q 3 ,r 3 )} d 2 r l d 2 r 2 d 2 r 3 dxdt = 

^—ll{mR) f 5 U/x 2 + t 2 - R\ e ^ +q2+q ^d 2 r = -I${mR), (17) 



Due to momentum conservation law, q\ + g 2 + q 3 = -?4 , \qi\ = m in the last 
integral. From here one can see that an n-fold correlator can be expressed as 

lmU^ = -^(gI (mR)) n . (18) 

2.2 Electron 

The electron-positron pair in external electrical field in (1 + 1) Euclidean dimensions 
appears to have much in common with the case of the false vacuum decay. We can think 
of this process in terms of action (pi), where /i refers to the mass of electron, e arises 
due to screening the field by the charged pair, and the circular shape of the bounce 
corresponds to circular motion of the charge in Euclidean electrical field. Thus the 
technique of calculating the imaginary part of a four-fold correlator can help to find the 
polarization operator in leading order on ^§ (neglecting the spinor structure of electron 
current). We take the electron current on the bounce in the form 



&(*) ' " 



2ttR^T¥ 



5(Vx 2 + t 2 -R)5{y)5{z), (19) 



where n^ = (x, —t, 0, 0) T = r (sin 0, — cos 0, 0, 0) stands for the unit tangential vector 
to the wall of the bounce. In this case the operator we need is 

Im IP^ = ^ff (*i ~x)f (x a ~x)f (23 - x) f (-x) d 4 x, (20) 

where prefactor ^ is computed, for example, in [5]: 

J exp . (21) 



2V 8vr 3 ^ 1 eE , 

To simplify the calculations and the shape of the answer, we switch to the momentum 
form (on (x,t) plane)). 



f( qi ) = e ««*) J -±- r (j^J Kr - R)e^ rcos ^rd<pdr, (22) 

Here and in what follows, the q denotes the absolute value of the momentum in the 
(x, t) plane, i.e. q = yg| + qf . Substituting -d — 9\ — </>, one gets 

fe_f sin X cos d - cos Q x sin ■& \ iqiRcoB # M _ J(H) ( sinfli \ 
J 2tt V-sin^sin^-cos^cos^ 6 ™ ~ %eJl{qiK} \-coa9j > [Z6) 



Therefore, the momentum representation of the current is as follows: 

nqi) = Ji(qiR)<T<&, (24) 

In the same way, 

f -^ (7) ^3e<^^^)M = -ieJ^R) ( ^i ) , (25) 



Therefore in the case of two particles the polarization operator in the momentum rep 
resentation is 

Here /j,, v — 1,2. That coincides with the result [IS]. In the four-particle case 



*■""(*) = 7^7 (eMqR)) 2 [S^ -*-£-), (26) 



**""&, 92, g 3 , g 4 ) = ^7 (il e -^^\ (<£<£ - ^(ftft)) (« - ^(g 3 g 4 )) . (27) 



with the constraint q± + q2 + Q3 + Q4 = 0. Like in the scalar case, the result (27) can 
be generalized to the arbitrary number of the interacting particles. 

All the previous calculations were carried out under the assumption of small momenta 
q ^C m. This means that the interaction between a photon and the wall of the bounce 
doesn't affect the shape of the latter. Generally speaking, the interaction with the 
photons considerably changes the shape of the bounce, and therefore changes the action. 
The modification of the action leads to an exponential correction to the rates of the 
processes. However, such modification of the action leads to significant complication of 
the setting, and this problem lies beyond the scope of the current paper. 

In the next subsection the corrections because of the self-interaction of the bounce 
are considered. The model with the small momenta is showed to be accurate enough to 
obtain these exponential corrections for the electrodynamics and the scalar theory. 

2.3 Coulomb and Yukawa corrections to the action 

In the paper [9] the Coulomb correction to the action for the bounce was found. The 
action has the form 

S -^E~^ (28) 

Note that the Coulomb interaction doesn't affect either the shape or the size of the 
bounce. The width of the process acquires exponential correction, although small for 
weak fields. 

„ (eE) 2 f nm 2 e 2 \ 

r =kr xp (-^ + i)' (29) 




Figure 2: To obtain the Coulomb correction for the action of the bounce, the interaction 
with arbitrarily many photons is to be studied. 



The correction to the width (29) implies the existence of the upper critical field. That 
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is, when the field is E c > ^-, the process ceases to be exponentially suppressed. Similar 
phenomena are discussed in QCD 



The result (26) allows to obtain this correction in quite a simple fashion. Furthermore, 



the result (18) can be used to calculate the Yukawa correction for the scalar case, where 



the following on the [9] paper is troublesome. 

To calculate the Coulomb correction, the interaction with a large number of photons 
is to be taken into account (see fig. [2]). Let's calculate first a one-photon contribution. 
To do so, we have to integrate the operator (26) with the propagator of the photon. 



Ti 



i r 

22V 



(e-UgR)) 2 ST 



q»q u 

IF 



q 2 



2V 4' 



(30) 



Note that this result doesn't depend on the radius of the bounce too. To compute the 
Coulomb correction, we have to sum up the contributions of any number of photons, 
taking into account the combinatorial factors. 



c 



£s r < 



2^ eXP V4 



(31) 



So the correction to the action coincides with the result of [U] . As we know that in the 
momentum representation the polarization operator is a tensor product of some vectors, 
we can see that the Coulomb correction to the polarization operator is just the same. 



71 



C 



ix^ exp 



(32) 



The calculation (30) contains a certain subtlety. All the previous calculations are valid 



in the case of soft photons, q <C m. In the area where the momentum of the photon is 




Figure 3: The bounce in the case of hard photons. The shape significantly changes. 

significant, the shape of the bounce ceases to be circular. The change of the form of the 
bounce leads to a correction of the action, and therefore to an exponential correction of 
the width (see fig. [3]). 



In the equation (30 ) we have integrated over all possible values of momentum; however, 
the integrand significantly differs from zero only in the area where qR ~ 1. Thus the 
correction of the shape is to be neglected. 

Yukawa correction can be found in the same way. The width with one-particle cor- 
rection is as following 



The corrected width then is 



; l .^t^lr ( m V\ k ( m ^\ 



r * = s«n ~r + Y'[-f)H-f))- < 34 > 

This exponential correction Iq(—) Kq f^j behaves like a logarithm for small argu- 
ment. However, this is not an unusual property for a two-dimensional theory to have 
infrared logarithmic divergences. Bessel functions often appear in answers for two di- 
mensions (see e.g. [16J). 

This means that there exists some lower critical mass of the \ particle under which 
the process is no longer exponential suppressed. 

In the scalar case the exponential correction due to the distortion of the shape of 
the bounce is also possible, therefore the area m <C /i is considered. The lower critical 
mass lies in this area. Furthermore, the correction obtained grows small in the case 
m > fi, that is, the main source of the correction in the case of massive x particles is 
the distortion of the shape of the bounce. 

Of course, the same correction factor arises in the cross-section and the n-fold corre- 
lator as well as in the width. 



3 Conclusions 

In this paper the two-photon-stimulated Schwinger process was considered by purely 
semiclassical means. We calculated the cross-section for two-photon interaction as lead- 
ing term in ^4 expansion which is applicable for the strength of the field much smaller 
than E cr i t . This cross-section was studied in case of soft photons (a; <C m). In this case 
the shape of the bounce remains circular, and this fact allows to apply the procedure of 
calculating the imaginary part of a correlator to get the answer. 

The consideration of the correlator appears to be simple and useful. The correlators 
take especially transparent form in the momentum representation, where they are just a 
product of the similar multiples. This makes possible the computation of the imaginary 
part of the correlator for the arbitrarily many interacting particles. The correction for 
the self-interaction of the bounce is also made, and not only in the Coulomb case, where 
the classical calculation (see [H]) is quite straightforward, but also in the Yukawa case, 
where the classical calculation involves a solution to a transcendent equation. 

The authors are especially grateful to A. Gorsky for initiating the work and for useful 
and productive discussions. The work was supported by grants RFBR 09-02-00308 and 
FASI RF 14.740.11.0347. 
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